We report a theoretical investigation of quantum parametric charge pump in the nonadiabatic regime at finite pumping frequency and finite driving amplitude. A general and closed-form expression for pumped current is derived in the form of a continuous fraction reflecting the multiphoton processes which are found to play an important role. Our nonperturbative theory predicts a remarkable plateau structure in the pumped current due to these multiphoton assisted processes in a double-barrier quantum well involving only a single pumping potential. A current reversal is found as the resonant level of the pump crosses the Fermi energy of the leads.
I. INTRODUCTION
A parametric charge pump is a device that drives the flow of a dc electric current by a time-dependent variation of two or more device parameters. The quantum parametric pump has received considerable attention both experimentally and theoretically.
1-33 A very useful and clear transport theory on quantum parametric pump was provided by Brouwer 1 for the adiabatic regime, i.e., in the →0 limit where is the frequency of the driving force. This theory was built on the scattering matrix approach for coherent ac transport developed earlier by Büttiker, Thomas, and Prêtre. 34 The adiabatic limit is relevant for situations of slow potential modulation so that electrons traverse the device almost without noticing the change of the potential landscape. The experimental data of Switkes et al. 3 has demonstrated the operation of a quantum parametric pump in the adiabatic regime where electrons were pumped out quantum coherently.
For parametric quantum pumps working at higher frequency, electrons may sample a time-dependent potential landscape as they traverse the device. In this situation one needs to consider the physics beyond the adiabatic regime. So far several papers have been devoted to the understanding of nonadiabatic quantum pumps. Moskalets and Büttiker have formulated a Floquet scattering matrix theory 30 which treats adiabatic and nonadiabatic quantum pumps on equal footing, i.e., using scattering matrices, so that an exact solution was obtained numerically for an oscillating doublebarrier pump structure. For mesoscopic samples with a discrete spectrum, Floquet scattering matrix theory predicts 30 a sign reversal of the pumped current for a specific pumping frequency . Polianski, Vavilov, and Brouwer considered fluctuations of charge transmitted through a parametric pump, also from a scattering matrix formalism with a scattering matrix that depends on two times, and analyzed the average and variance of the noise for an ensemble of chaotic quantum dots. 25 In addition, two of the present authors considered the heat current in nonadiabatic pumps 26 with a scattering matrix theory, following the earlier work of Avron et al. that a pump is optimal if the heat current equals the power of Joule heat. 21 While considerable understanding of nonadiabatic quantum pumps was established by these and other contributions, 27 previous works [25] [26] [27] were mostly based on perturbative schemes either in term of pumping frequency or pumping amplitude.
The purpose of this work is to develop a nonperturbative theory for quantum parametric pump in general terms of pumping frequency and pumping amplitude. Such a theory is useful for providing further understanding of charge pumps in the nonadiabatic regime, and helps to establish a more general and unambiguous physical picture of transport features not accessible by perturbative theories. We found that such a theory can be achieved by the Keldysh nonequilibrium Green's-function ͑NEGF͒ ͑Ref. 27͒ formalism. In particular, we derived a general formula of pumped current which, in various limits, reproduces known results of previous work where the driving parameter has a single sinusoidal mode. In the nonadiabatic regime, we predict transport features using an example of quantum-well charge pump that is driven by a single parameter: such a pump is only possible in the nonadiabatic regime. 27 In particular, if the pumping potential is located at the barriers of the quantum well, the pumped current exhibits remarkable plateaus due to a multiphoton assisted pumping process. The width of a plateau is found to be determined by ប while its height varies depending on the pumping amplitude and coupling strength between the pump and the leads. By tuning a gate voltage that shifts the resonance level of the quantum well to cross the Fermi energy of the leads, we observe a direction reversal of the pumped current. We also investigate the pumped current when the single pumping parameter is located in the interior of the quantum well. We find that the pumped current increases rapidly by several orders of magnitude as the pumping parameter is shifted away from the symmetry center of the quantum well.
The rest of the paper is organized as follows. In the following section, we present the detailed derivation of the pumped current in the nonadiabatic regime with arbitrary pumping amplitude. Section III presents results for the quantum-well pump, and the last section is a short summary.
II. THEORY
In this section we derive the expression of pumped current in the nonadiabatic regime for an arbitrary mesoscopic conductor. We first cast the pumped current into a wellknown form in terms of retarded and advanced Green's functions, and then derive these Green's functions for the pump for arbitrary pumping frequency and pumping amplitude.
Consider a mesoscopic parametric pump which is defined by a Hamiltonian
where Ĥ d describes the electronic structure of the pump, its leads, as well as the coupling between them. HЈ(t) is a timedependent driving potential for the quantum pump which we assume to have the following form:
where V is the effective pumping potential profile. 35 In the following, we neglect interaction between electrons in the ideal leads labeled by ␣ϵL,R.
The electron current operator in lead ␣ can be evaluated from the Heisenberg equation of motion Î ␣ ϭdN ␣ /dtϭ Ϫi/ប͓N ␣ ,Ĥ ͔, where N ␣ is the number operator in lead ␣, ͓•••͔ denotes commutator, and ប is the reduced Planck constant. Following Ref. 36, using a second quantized form of Ĥ to carry out the commutator, the time-averaged current ͑set-ting បϭ1) can be expressed in terms of Keldysh nonequilibrium Green's functions as follows:
where ϭ2/ is the period of pumping cycle; G r,a (t,t 1 ) are the retarded ͑r͒ and advanced ͑a͒ Green's functions; G Ͻ is the lesser Green's function; and ⌺ ␣ Ͻ ϭi⌫ ␣ f ␣ is the lesser self-energy which is determined by the linewidth function ⌫ ␣ and the Fermi function f ␣ of the ␣th lead. We now cast Eq. ͑3͒ into a well-known form in terms of retarded and advanced Green's functions.
Carrying out a double-time Fourier transform
with ␥ϭr,a,Ͻ, Eq. ͑3͒ becomes
where we have extended the integration range for dt in Eq. ͑3͒ to ͓ϪN,N͔ with N→ϱ. Note that in Eq. ͑4͒ the matrix
. It is also easy to prove that 
Finally, using the identity ͚ E ϭ2N͐dE/(2), we arrive at the well-known expression, [22] [23] [24] [25] [26] 30 
where ⌫ n (E)ϵ⌫(Eϩn) and f n (E)ϵ f (Eϩn). In this expression, the summation over integer n clearly indicates the contributions from multiphoton processes toward the pumped current.
In the following, using Eq. ͑5͒ as the starting point and deriving the Green's functions for the pumping potential Eq. ͑2͒, we derive a closed-form solution for the pumped current I ␣ .
A. The retarded Green's function
We now proceed to calculate G r (E,Eϩn) which is needed for evaluating the pumped current through Eq. ͑5͒. G r is calculated by the Dyson equation which, after a double-time Fourier transform, becomes
where G 0r is the equilibrium Green's function when the pumping potential HЈ is set to zero, and HЈ(E)ϭ͓V␦(E ϩ)ϩV*␦(EϪ)͔ is the Fourier transform of HЈ(t) in Eq. ͑2͒. From now on we assume that the equilibrium Green's function G 0r has been known or calculated for the device Hamiltonian Ĥ d of Eq. ͑1͒, and an explicit example will be given in the following section. Carrying out the energy integration in Eq. ͑6͒, we obtain
We now use Eq. ͑7͒ to derive a general expression for G r (E,Eϩn) as follows. We simplify notation using the following abbreviations: G n r (E)ϵG r (E,Eϩn) and G n 0r (E)ϵG 0r (Eϩn). Therefore, for example, Eq. ͑7͒ gives the multiphoton Green's function for nϭ0,Ϯ1 as
Therefore, to compute G 0 r one needs G Ϯ1 r which in turn needs G Ϯ2 r , etc. Similarly, the multiphoton Green's function G n r can be obtained by iterating the following expression obtained from Eq. ͑7͒:
This equation has the following recursive solution:
where ␣ n r ϭ͓(a n ,ā n ),(a nϩ1 ,ā nϩ1 ),(a nϩ2 ,ā nϩ2 ), . . . ͔ with a n ϵiVG nϩ1 0r /2 and ā n ϭiV*G n 0r /2. The continued fraction ͓(a 1 ,ā 1 ),(a 2 ,ā 2 ),(a 3 ,ā 3 ), . . . ͔ is defined as
Since the equilibrium Green's functions G n 0r ϵG 0r (Eϩn) 
with the multiphoton self-energy
provides the closed-form solution of multiphoton Green's function G 0 r (E) which treats multiphoton processes exactly because its right-hand side includes arbitrary order of multiphoton processes through the continued fraction. Note that the factor ͓2␦(0)͔ 2 in G r and G a cancels the factor (2N) 2 in Eq. ͑5͒. Equations ͑9͒, ͑11͒, and ͑12͒ form the central results of this paper, they provide a closed-form solution of the parametric pumping in general terms of pumping frequency and amplitudes. The practical procedure is as follows. For a given device Hamiltonian Ĥ d ͓see Eq. ͑1͔͒ which represents an arbitrary confining potential for the quantum pump, we calculate its retarded Green's function G n 0r . From G n 0r we calculate ⌺ r from Eq. ͑12͒ and then evaluate Eq. ͑11͒ to obtain G 0 r (E). Once G 0 r is obtained, G n r can be calculated recursively from Eq. ͑9͒ and the pumped current is then obtained from Eq. ͑5͒.
Although there is an infinite summation in Eq. ͑5͒ for the pumped current, because G r (E,Eϩn)ϵG n r is at least of the order of V n ͓see Eq. ͑9͔͒, this summation converges rapidly even in the strong pumping regime as we will show with an example in the following section. We also note that continued fractions such as Eq. ͑10͒, which appears in our formula, are rather typical in describing multiphoton scattering process. 36 Finally, using the fact that G r ⌫G a ϭG a ⌫G r , it is not difficult to prove that ͚ ␣ I ␣ ϭ0, i.e., current conservation for parametric pumping is satisfied by our results.
B. Limiting cases
In this section we analyze two known limiting cases of parametric quantum pumping using our results Eqs. ͑9͒, ͑11͒, and ͑12͒, together with the starting expression Eq. ͑5͒.
The first case concerns a general but small pumping amplitude V. In Refs. 27,37 the pumped current was obtained using a perturbation theory up to the second order in pumping amplitude V at arbitrary pumping frequency . Because our G n r ϳV n ͓see Eq. ͑9͔͒ and the pumped current I ␣ ϳG n r G n a , the perturbative result is recovered from the general expressions ͑9͒, ͑11͒, and ͑12͒ by only keeping terms with nϭϮ1. Therefore, from Eq. ͑8͒ and neglecting G Ϯ2 r terms, we obtain G 1 r ϷG 0 0r VG 1 0r /2. Equation ͑5͒ is now reduced to
which is exactly the same as that found in Ref. 27 . As a second limiting case, we show that Eqs. ͑9͒, ͑11͒, and ͑12͒ give the well-known result for the adiabatic regime.
1 The adiabatic regime of parametric pumping concerns the →0 limit. To take this limit, we apply the instantaneous approximation for the Green's function. We transform Eq. ͑5͒ to the Wigner representation using G r,a (t 1 ,t 2 ) ϭ͐(dE/2)e 
Note that
where we have used the identity ͚ E ϭ2N͐dE/(2). Equation ͑13͒ now becomes
Using the Fisher-Lee relation
we obtain
Therefore, Eq. ͑14͒ becomes
with ϭ2/. Equation ͑15͒ is exactly the same as the formula derived in Ref. 30 ͓formula ͑18͒ of this reference͔, which has been shown 30 to be equivalent to Brouwer's expression 1 of adiabatic pumping.
III. EXAMPLE: SINGLE PARAMETER DOUBLE-BARRIER QUANTUM PUMP
The closed-form solution of quantum parametric pumping at arbitrary and amplitude V, Eqs. ͑9͒, ͑11͒, and ͑12͒ together with Eq. ͑5͒, is applicable to pump structures involving arbitrary confining potentials described by the device Hamiltonian Ĥ d ͓see Eq. ͑1͔͒ whose retarded Green's function G 0r was assumed to be known in the previous derivations.
In this section we give an example of a quantum parametric pump whose device Hamiltonian Ĥ d is a one-dimensional ͑1D͒ symmetric double ␦-barrier potential,
where 2a is the 1D quantum-well width and V 0 the barrier height. In the adiabatic theory ͑the →0 limit͒, two pumping potentials are needed in order to give a nonzero pumped current. 1 At a finite frequency, a single pumping potential appears to be enough to pump a dc current 27 which is rather peculiar. The nonperturbative theory presented above allows us to investigate this situation clearly and unambiguously. Therefore, in this example the driving potential of the quantum pump HЈ(t) ͓see Eq. ͑1͔͒ is a single sinusoidal potential, HЈ(t)ϵV(x,t)ϭV p cos(t)␦(xϪx 0 ) with a real amplitude V p . x o is the space point where HЈ(t) is applied. We calculate the pumped current in the left lead ͓setting ␣ϭL in Eq. ͑5͔͒ at zero temperature. A gate voltage v g is applied to the double-barrier structure to tune the resonant single-particle energy level ⑀ o in the quantum well. We fix the Fermi level of leads at E f ϭ0 and assume it aligns with the resonant level ⑀ o when v g ϭ0. In the following, the unit is set by បϭ2m ϭqϭ2aϭ1. For GaAs material with aϭ1000 Å, the energy unit is Eϭ0.056 meV which corresponds to ϭ13.2 GHz. The unit for pumped current becomes 5 ϫ10 Ϫ10 A. Finally, we set the double-barrier height V 0 ϭ200 unless specified otherwise.
For the double-barrier confining potential Eq. ͑16͒, the equilibrium Green's function G 0r has been calculated exactly in Ref. 40 by solving the Dyson equation ͑6͒. Using this G 0r ͓see Eq. ͑3͒ of Ref. 40͔, we evaluate Eq. ͑12͒ followed by Eqs. ͑11͒ and ͑9͒. Finally we evaluate Eq. ͑5͒ for the pumped current. Figure 1 shows the pumped current versus gate voltage in the strong pumping regime for V p ϭ160 and ϭ1. Here we applied the pumping driving force HЈ(t) at the left barrier, i.e., we set x 0 ϭϪa. The following observations are in order.
͑1͒ The pumped current displays a series of remarkable ''plateaus.'' The width of a plateau is equal to ប whereas the height of the plateau depends on V p and V 0 in a nonlinear fashion.
͑2͒ The pumped current reverses its direction when the resonant level crosses the Fermi level of the lead, i.e., when v g changes sign. As a result, we see from Fig. 1 that the pumped current is quenched near v g ϭ0.
͑3͒
The height of the current plateaus for negative v g is considerably larger than those of positive v g .
Why the pumped current has a plateau structure? To understand this, we rewrite Eq. ͑5͒ exactly into the following form:
FIG. 1. The pumped current vs the gate voltage for x 0 ϭϪa, ϭ1, and v p ϭ160. We have set nϭ20 in the calculation.
We begin by recalling two important facts. First, although the summation over photon number n goes to ϱ, only a few terms with small n have significant contributions to current as discussed above. Second, although the energy integration is from Ϫϱ to ϩϱ, the Fermi functions in Eq. ͑17͒ cut this range to ͓0,n͔ at low temperatures. Next, we note that the kernel F n consists of two terms, one due to photon absorption process 41 and the other to photon emission process. These two contributions differ by a sign indicating a competition between photon absorption and emission. 27 F n has sharp features due to resonance tunneling: as we tune the gate voltage v g to align the energy level ⑀ o of the quantum well to the Fermi level of the leads (E f ϭ0), F n shows a sharp feature. F n also shows sharp features at integer numbers of frequency. For example, for a negative v g which pulls ⑀ o to below E f such that E f Ϫ⑀ o ϭn, an electron can tunnel into level ⑀ o , absorb one or more photons to gain energy n, and tunnel out of the pump. For positive v g it is the photon emission processes that are relevant. The sidebands in F n (E) ͑Fig. 2͒ due to photon absorption and photon emission are clearly seen ͓for an n-photon emission process, the energy has been shifted by n due to the transformation from Eq. ͑5͒ to Eq. ͑17͔͒. The pumped current is the energy integration of F n (E) in the energy window Eϭ͓0,n͔ according to Eq. ͑17͒. Because for a given range of v g , F n (E) has only a fixed number of peaks/dips in the range E ϭ͓0,n͔, therefore from Eq. ͑17͒ the current is a constant for this range of v g hence a current plateau is obtained in the I ␣ versus v g curve ͑see Fig. 1͒ . We conclude that the plateau structure is a direct result of multiphoton assisted processes.
For the above example where the pumping force is on the left barrier (x 0 ϭϪa), the positive current is due to photon absorption processes and the current reverses its sign if photon emission process dominates. The behavior of current reversal has been observed before for pumping in carbon nanotubes, 42 charge quantization, 18 and heat current generated during the pumping, 30 although from completely different origins. Due to the energy dependence of coupling between the pump and the leads, the sideband is asymmetric with a larger peak for photon absorption process. As a result, the height of the current plateau is larger for photon absorption process. Our analysis showed that this plateau structure persists for different frequencies and pumping amplitudes. Further analysis also shows that there are two effects influencing the current plateau structure. The first is the barrier height of the quantum well: current plateaus can only be observed in the strong tunneling regime and they disappear for low barrier height. The second is temperature: the plateau structure is rounded off at finite temperature and is destroyed when temperature reaches ϳ200 mK for ϭ10 GHz.
In the following, we investigate the situation when the pumping potential is inside the double-barrier structure, i.e., when ϪaϽx 0 Ͻa. For this situation, we found a similar plateau structure in the pumped current due to the same photon assisted processes as discussed in the last paragraph. In Fig.  3 , the pumped current as a function of pumping position x 0 is plotted at a fixed v g ϭϪ0.67 for a much smaller pumping amplitude v p ϭ6. In the calculation, we have included the contributions from one photon ͑dot-dashed line͒, two photons ͑dashed line͒, five photons ͑dotted line͒, and twenty photons ͑solid line͒. We have checked the convergence by including thirty photons: the difference is within 10 Ϫ8 . We observe from Fig. 3 that the pumped current I p is antisymmetric about the center of the pump. As expected, for a symmetric structure (x 0 ϭ0), I p vanishes identically. At x 0 ϭ Ϫ0.5, we found I p ϭ2ϫ10 Ϫ6 . Figure 3 indicates that I p can increase by three orders of magnitude by varying the position of the pumping potential away from the barriers. Figure 3 shows abrupt changes of pumped current as x 0 is varied. To understand this, we investigate the one-photon process for which the pumped current is
In Fig. 4 , we plot the one-photon density of states ͑DOS͒ defined as
which is highly localized spatially with abrupt change as x 0 is varied, correlating very well with the abrupt variations in the pumped current. We conclude that the abrupt change in the pumped current as a function of position of the pumping potential is due to quantum interference of multiphoton assisted processes. Finally, the pumped current in Fig. 3 shows a plateau region when Ϫ0.1ϽxϽ0.1. Our numerical results show that the pumped current in that region is nonzero and is larger than the pumped current when the pumping potential is located at the barrier. As the strength of the pumping potential increases, the pumped current in the plateau region also increases.
IV. SUMMARY
In this work, we have derived a general and nonperturbative expression for the electric current of parametric quantum pumps at finite frequency and finite pumping amplitude. The theory is also general enough so that arbitrary device structures can be investigated including situations where the pumping potential is located in the interior of the scattering region. We have shown that this theory reproduces previously known results in both adiabatic regime and in perturbative approach.
For a double-barrier quantum-well pump, we have shown that in the nonadiabatic regime, a single parameter is adequate to pump a dc current due to multiphoton processes. Such a current is found to have plateau structure precisely due to the multiphoton assisted processes. The width of the current plateau is determined by the pumping frequency. As a gate voltage is varied to shift the resonance level of the quantum well across the Fermi energy of leads, the pumped current is found to reverse its direction due to a competition of photon absorption and emission processes.
